In this paper we present the linearized equations of motion for a bicycle as a benchmark. The results obtained by pencil-and-paper and two programs are compared. The bicycle model we consider here consists of four rigid bodies, viz. a rear frame, a front frame being the front fork and handlebar assembly, a rear wheel and a front wheel, which are connected by revolute joints. The contact between the knife-edge wheels and the flat level surface is modelled by holonomic constraints in the normal direction and by non-holonomic constraints in the longitudinal and lateral direction. The rider is rigidly attached to the rear frame with hands free from the handlebar. This system has three degrees of freedom, the roll, the steer, and the forward speed. For the benchmark we consider the linearized equations for small perturbations of the upright steady forward motion. The entries of the matrices of these equations form the basis for comparison. Three different kinds of methods to obtain the results are compared: pencil-and-paper, the numeric multibody dynamics program SPACAR, and the symbolic software system AutoSim. Because the results of the three methods are the same within the machine round-off error, we assume that the results are correct and can be used as a bicycle dynamics benchmark.
Introduction
A variety of simple vehicles can be statically unstable yet dynamically stable, for example a skateboard plus rigidly attached rider, a tricycle with raked steering axis, or a bicycle/motorcycle. Of these the bicycle is the most interesting, yet the hardest to analyse correctly. As a result the literature contains a great many flawed equations, and widespread qualitative explanations of uncontrolled self-stability are inconsistent with careful analyses. 
Bicycle Model
The mechanical model of the bicycle consists of four rigid bodies, viz. the rear frame with the rider rigidly attached to it, the front frame being the front fork and handle bar assembly and the two knife-edge wheels.
[ Figure 1 about here.] These bodies are interconnected by revolute hinges at the steering head between the rear frame and the front frame and at the two wheel hubs. In the reference configuration, all bodies are symmetric relative to the bicycle midplane. The contact between the stiff non-slipping wheels and the flat level surface is modelled by holonomic constraints in the normal direction and by non-holonomic constraints in the longitudinal and lateral direction. There is no friction, apart from the idealized friction between the non-slipping wheels and the surface, nor propulsion and no rider control, the so-called hands free coasting operation. These assumptions make the model energy-conserving.
In the reference position, the global Cartesian coordinate system is located at the rear-wheel contact point O, where the x-axis points in the longitudinal direction of the bicycle and the z-axis is directed downwards. Figure 1 shows the directions of the axes, where the terminology used mainly follows the SAE recommended practice as described in the report SAE-J607e [15] , last revised in 1976.
The mechanical model of the bicycle has three degrees of freedom: the roll angle φ of the rear frame, the steering angle δ, and the rotation θ r of the rear wheel with respect to the rear frame. The angles are defined as follows. The orientation of the rear frame with respect to the global reference frame O-xyz is given by a sequence of three angular rotations: a yaw rotation, ψ, about the z-axis, a roll rotation, φ, about the rotated x-axis, and a pitch rotation, KSME θ, about the rotated y-axis. These rotations are materialized and depicted in Figure 4 by three hinges in series, 1 , 2 , and 3 , mounted at the rear hub. The steering angle δ is the rotation of the front frame with respect to the rear frame about the steering axis. Due to the non-holonomic constraints there are four extra kinematic coordinates which describe, together with the degrees of freedom, the configuration of the system [18] . The four kinematic coordinates are taken here as the Cartesian coordinates x and y of the rearwheel contact point, the yaw angle ψ of the rear frame, and the rotation θ f of the front wheel with respect to the front frame.
The dimensions and mechanical properties of the benchmark model are presented in Table 1 . The system is symmetric about the vertical longitudinal plane and the wheels are rotationally symmetric about their axles. The mass moments of inertia are given at the centre of mass of the individual bodies and along the global xyz-axes.
[ Table 1 
Linearized Equations of Motion
This section gives an algorithmic interpretation of the linearized equations of motion for the bicycle model under study as derived by Papadopoulos [13] . The equations of motion are obtained by pencil-and-paper using D'Alembert's principle and linear and angular momentum balances. They are expressed in terms of small changes in the degrees of freedom φ, the rear frame roll angle, and δ, the steering angle, from the upright straight ahead configuration φ 0 = 0, δ 0 = 0, at a forward speed of v = −θ r R rw .
Let us consider the bicycle from Figure 1 and Table 1 assembly at the centre of mass of the front assembly along the global axes as
Let λ be the angle of the steering axis λ = (sin(λ), 0, cos(λ))
T with the global z-axis in the vertical plane,
Calculate the perpendicular distance that the centre of mass of the front assembly is ahead of the steering axis,
Calculate for the front assembly the relevant mass moments and products of inertia along the steering axis and the global axes at points where they intersect as
Define the ratio of the mechanical trail (i.e. the perpendicular distance that the front wheel contact point is behind the steering axis) to the wheelbase as f = t cos(λ)/w. Calculate for the rear and the front wheel the angular momentum along the y-axis divided by the forward speed, together with their sum as
Define a frequently appearing static moment term as
Now the linearized equations of motion for the bicycle expressed in the
with a constant mass matrix, M, a "damping" matrix, C1, which is proportional to the forward speed v, and a stiffness matrix which has a constant part, K0, and a part, K2, which is proportional to the square of the forward by 'training wheels' located at the rear wheel hub, or by a parent teaching a child to ride by applying either a pure rolling moment or a lateral force.
The second force is M δ , the action-reaction steering moment between the rear frame and the front frame. This is the torque that would be applied by a rider's hands, or a steering spring-damper, or even an electronic controller.
In the case of an ordinary uncontrolled bicycle, both of these moments are KSME taken to be zero. The elements of the mass matrix are
The velocity-independent elements of the stiffness matrix are
and the elements of the stiffness matrix to be multiplied by the square of the forward speed are
Finally, the "damping" matrix which is to be multiplied by the forward speed is given by 
Results
Substitution of the parameter values from Table 1 
the constant stiffness matrix from (25), 
the stiffness matrix from (26) 
and finally the the "damping" matrix from (27) We call a motion mildly unstable when the eigenvalues have a absolute value which is smaller than 2 s [20] , and rolling contact as in road vehicles and track-guided vehicles [18, 21] .
The SPACAR model for the benchmark bicycle is sketched in Figure 4 elements, two rigid bodies for the front and the rear frame, and six hinge elements for describing relative rotations. The elements describing the three degrees of freedom are the relative rotations in: hinge 2 for the roll angle φ, hinge 9 for the steering angle δ, and hinge 4 for the rotation θ r of the rear wheel with respect to the rear frame. The four kinematic coordinates are described by the x and y components of node 9 which is the rear-wheel contact point, the relative rotation in hinge 1 for the yaw angle ψ, and the relative rotation in hinge m 12 for the rotation θ f of the front wheel with respect to the front frame.
Linearized Equations of Motion Derived with the Numeric Program SPACAR
The resulting matrices of the linearized equations of motion (23) 
These agree with the values given in Section 4, where at most the fifteenth digit may differ a unit.
Non-linear dynamic response
When an uncontrolled bicycle is in its stable speed range, roll and steer perturbations die away, in a seemingly damped fashion. However, the entire system is energy conservative, and what has happened is that the perturbation energy has been transferred into energy of forward travel. As the forward The equations of motion are obtained in the forṁ
Here, q are the generalized coordinates, u are the generalized velocities, S is the kinematic matrix that relates the rates of the generalized coordinates to the generalized speeds, M is the system matrix, and Q contains all force terms and velocity dependent inertia terms.
A standard option for linearization is available, which, however, is not applicable for systems with closed kinematic loops (e.g. the front-wheel ground contact of a bicycle). Fortunately, for the highly symmetric bicycle model, 
Conclusions
If we compare the results obtained by the three methods, it appears that the coefficients for the linearized equations agree with each other and the difference are only caused by the finite precision of the numeric calculations:
the relative errors are less than 1 part in 10
14
. This gives us confidence that the presented results are correct and the problem can be used as a benchmark test for multibody dynamics simulations.
Starting from the given basic model for the bicycle, more elaborate models can be developed. These may include the finite width of the tyres, control torque at the handle bar, relative motion between the rider and the rear frame and tyre models that include wheel slips and compliance. (set-defaults g 9.81) ; this value is used in the benchmark.
;; The name of the model is set to the string "fiets"
(setsym *multibody-system-name* "fiets")
;; Introduce a massless moving reference frame. This frame ;; has x and y translational degrees of freedoms and a yaw ;; rotational degree of freedom.
( add-body yawframe :name "moving yawing reference frame" Eigenvalues λ from the linearized stability analysis for the benchmark bicycle from Figure 1 and Table 1 
